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Abstract 

Generalizing the graded commutator in superalgebras, we propose a new 
bracket operation on the space of graded operators with an involution. We 
study properties of this operation and show that the Lax representation 
of the two-dimensional iV=(l|l) supersymmetric Toda lattice hierarchy 
can be realized via the generalized bracket operation; this is important 
in constructing the semiclassical (continuum) limit of this hierarchy. We 
construct the continuum limit of the iV=(l|l) Toda lattice hierarchy, the 
dispersionless iV = (l|l) Toda hierarchy. In this limit, we obtain the Lax 
representation, with the generalized graded bracket becoming the corre- 
sponding Poisson bracket on the graded phase superspace. We find bosonic 
symmetries of the dispersionless iV = (l|l) supersymmetric Toda equation. 
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1 Introduction 



In several recent decades, quantum field theory, having incorporated ef- 
ficient mathematical methods, has become a theory satisfying the most 
rigorous mathematical requirements [|I|]. After the formulation of super- 
symmetric quantum field theories, the main attention of investigators was 
attracted to numerous problems whose solution is interesting in both math- 
ematical physics and important physical applications. 

In this paper, we consider an integrable iV = (l|l) supersymmetric gen- 
eralization of the two-dimensional bosonic Toda lattice hierarchy (2DTL 
hierarchy) [|2| proposed in Q , fij] . It is given by an infinite system of evo- 
lution equations (flows) for an infinite set of bosonic and fermionic lattice 
fields evolving in two bosonic and two fermionic infinite "towers" of times; 
as a subsystem, it involves an iV=(l|l) supersymmetric integrable general- 
ization of the 2DTL equation, which is called the iV=(l|l) 2DTL in what 
follows. 

Two new infinite series of fermionic flows of the iV = (l|l) 2DTL hier- 
archy were constructed in |5|-@. This hierarchy was shown to actually 
have a higher symmetry, namely, the N = (2|2) supersymmetry. Together 
with the previously known bosonic flows of the iV=(l|l) 2DTL hierarchy, 
these flows are symmetries of the iV=(l|l) 2DTL equation. The contin- 
uum limit of that equation with respect to the lattice constant |§ is a 
three-dimensional nonlinear equation, called the continuum or dispersion- 
less iV = (l|l) 2DTL equation. The solution of the corresponding Cauchy 
problem was also considered in §|. 

Although the i\/ = (l|l) 2DTL hierarchy and the dispersionless iV = (l|l) 
2DTL equation have been known for a relatively long time, the problem 
of constructing the continuum (semiclassical) limit with respect to the lat- 
tice constant (which plays the role of the Planck constant here) for all the 
iV = (l|l) 2DTL hierarchy flows is still to be solved and is quite compli- 
cated.]] Apart from the purely academic significance of this problem, its 
solution is also interesting in relation to a number of important physical 
and mathematical applications. In particular, these include the semiclas- 
sical limit of the bosonic preimage of the iV = (l|l) 2DTL hierarchy, the 

] We note that similar problems for differential-difference equations were considered 
in [|-@. 
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dispersionless 2DTL hierarchy [[17]], which unifies the 2DTL hierarchy flows 
arising in the leading semiclassical approximation constructed in [[jj|] (see 
also QT0|| ) . Possible applications of the dispersionless 2DTL hierarchy are 

1. construction of a number of self-dual vacuum metrics and Einstein- 
Weyl metrics, 

2. twistor theory, 

3. two-dimensional conformal and topological field theory, and 

4. two-dimensional string theory 

(also see Ho)-[|3l]] and the references therein). 

In view of a deep relation between the 2DTL and iV = (l|l) 2DTL hi- 
erarchies, it is natural to hypothesize that the dispersionless iV=(l|l) su- 
persymmetric 2DTL hierarchy must also admit similar applications in su- 
persymmetric generalizations of the theories listed above. This motivates 
our construction of the dispersionless iV=(l|l) 2DTL hierarchy here. 

We emphasize that the existing general algorithm for constructing 
semiclassical asymptotic expansions, which was applied to the 2DTL hier- 



archy in p8| , encounters a number of difficulties, both formal and informal, 
in its direct extension to the iV = (l|l) 2DTL hierarchy. It is well-known 
that in the semiclassical limit, all the operators are mapped into their sym- 
bols defined on the corresponding phase space and the (anti) commutators 
involved in the standard Lax representations are replaced with the cor- 
responding Poisson brackets. But the Lax representation of the iV = (l|l) 
2DTL hierarchy proposed in [|| is not of the (anti)commutator form, and 
it is therefore unclear how the above qualitative recipe for the transition 
to the semiclassical regime can be applied literally. 

The analysis is also complicated by another principally important, qual- 
itatively new feature of the iV = (l|l) 2DTL hierarchy compared with its 
bosonic preimage, namely, the operators entering the Lax representation 
are defined on a space with two Z 2 -gradings but have only one diagonal 
Z 2 -grading. This is why the symbols of these operators in the general case 
cannot be expected to commute, even in the semiclassical limit. 

We also mention possible complications related to the fact that the 
fermionic and bosonic fields of the iV = (l|l) 2DTL hierarchy can have non- 
coincident semiclassical asymptotic behaviors, which must then be spec- 
ified self-consistently. A similar situation occurs for the fermionic and 
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bosonic times of this hierarchy, but these can be easily made consistent 
using additional dimension arguments. 

Very recently, a certain progress has been observed toward constructing 
the semiclassical limit of the iV=(l|l) 2DTL hierarchy. In |7j, it was 
found that the Lax representation for this hierarchy can be brought to 
the commutator form (Eq. (39) in ||7j) by introducing a number of new 
auxiliary fermionic constants. Although the commutator representation 
thus obtained seems artificial at first glance, it actually involves a new 
important generalized graded bracket operation, which can be defined in 
sufficiently general terms to allow a broad spectrum of applications. We 
introduce and use it in solving the problem addressed here. 

It turns out that all the basic relations defining the iV = (l|l) 2DTL hi- 
erarchy can be expressed in terms of precisely this bracket operation; this 
does not require introducing any auxiliary objects like the fermionic con- 
stants mentioned above. In the semiclassical limit, moreover, precisely this 
bracket operation is replaced with the corresponding Poisson superbracket 
on the phase superspace. This therefore produces the Lax representation 
of the dispersionless iV = (l|l) 2DTL hierarchy. 

The structure of this paper is as follows. In Sec. 2, we introduce the 
generalized graded bracket operation on the space of graded operators with 
an involution that generalizes the graded commutator for superalgebras; 
we describe its properties and give the corresponding generalized Jacobi 
identities. We then obtain the Lax representation of the iV = (l|l) 2DTL 
hierarchy and all the basic defining relations in terms of the generalized 
graded bracket. We give an explicit expression for the iV = (l|l) 2DTL 
hierarchy flows and for bosonic symmetries of the iV=(l|l) 2DTL equation, 
which are consequently used in Sec. 3 to obtain the respective dispersionless 
analogues. 

In Sec. 3, we also find the semiclassical limit of the iV = (l|l) 2DTL 
hierarchy and postulate the corresponding asymptotic behavior of the 
fermionic and bosonic fields parameterizing the Lax operators. Using these 
data, we then evaluate the asymptotic behavior of all the composite opera- 
tors entering the Lax representation and the corresponding field evolution 
equations. We next obtain regular leading terms in the semiclassical ex- 
pansion of these evolution equations, which are by definition the flows 
of the dispersionless iV = (l|l) 2DTL hierarchy. This a posteriori demon- 
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strates self-consistency of the postulates underlying all our calculations. 
The next step is to model the Poisson superbracket on the phase super- 
space obtained by extending the phase space of the dispersionless 2DTL 
hierarchy by one Grassmann coordinate. Replacing the Lax operators with 
their symbols and replacing the generalized graded bracket with the above 
Poisson superbracket in the Lax representation of the iV=(l j 1) 2DTL hier- 
archy and in all its defining relations, we show by a direct calculation that 
the operator representation thus obtained correctly reproduces the flows of 
the dispersionless iV = (l|l) 2DTL hierarchy that we constructed previously 
and is therefore the sought Lax representation of the above hierarchy. 

In Sec. 4, we briefly summarize the main results obtained in this paper. 

2 AH 1 ! 1 ) 2DTL hierarchy 

In this section, we introduce a new graded bracket operation and use it 
to propose a new form of the Lax representation for the iV = (l|l) 2DTL 
hierarchy. 

2.1 Generalized graded brackets 

We consider the space of operators with the grading do k (do k G Z) , 

^0iG>2 = ^Oi + do 2 , (1) 

and the involution *, 

Of ] = O k , (2) 

where O^*^ denotes the m-fold action of the involution * on the operator 
Ofc. On this space, we can define the generalized graded bracket operation 

[•>•}, 




with the easily verified properties of 
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a. symmetry 




c. Jacobi identity 





f ]\do 1 do 3 




Oi* (d °3),0 2 




+ 


f _]\do 2 do 1 




o 2 * (d °i ) ,o 3 


.,Oi* (d °2)] 


+ 






3 * (d °2),Oi 


.,0 2 * (d °3)J 



Relations (|]-||) generalize the corresponding properties of the graded com- 
mutator in Lie superalgebras. We emphasize that in the particular case 
where the involution * acts as the identity transformation, bracket 
reproduces the graded Lie superalgebra commutator. In the general case 
of the involution action, this bracket is a nontrivial generalization of that 
commutator. 



2.2 Lax representation and flows 

We begin this section by detailing the space of operators, their grading, and 
involution which are relevant in context of the iV = (l|l) 2DTL hierarchy. 
These operators can be represented in the general form 

oo 

O m = /i?e (fc - m) °, rn G Z, (7) 

k=— oo 

parameterized by the functions f^- (fiT+ij) that are Z 2 -graded bosonic 
(fermionic) lattice fields (j G Z), 

d'j m ) = \k\ mod 2; (8) 
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the operator e ld (I G Z) acting on these fields as the discrete lattice shift 

e l9 fif - fl%e ld (9) 
has another ^-grading given by 

d e w = \l\ mod 2. (10) 
Operators (|7]) allow specifying only one diagonal Z 2 -grading 

do m = d' (m) + d e (k- m )d = \m\ mod 2 (11) 

and the involution 

oo 

£ (-i)*/!?^ 8 . (12) 



m 

k= — oo 



In what follows, we also need the projections (O m ) ± of the operators 
([?]) defined as 



oo m— 1 

"m)+ ~~ " 



£ ftfe^ , (O m )_ = £ fife^ 9 . (13) 

k=m k=—oo 

The Lax operators L 1 * 1 of the iV=(l|l) 2DTL hierarchy belong to the 
space of operators (^) || [7]] 

oo oo 

L+ = £ w^ 1 "^, w 0j - = 1, = £ ^-e^- 1 ) 9 , u 0>j (14) 

fc=0 fc=0 

and have the grading = 1. 

We now have all the ingredients necessary to express the Lax represen- 
tation of the iV=(l|l) 2DTL hierarchy in terms of bracket operation (||), 
thereby bringing it to a very simple form, 

DZL a = Ta(-l) n [W ± K)_J\L"}, a=+,-, neN, (15) 

where Df n (D 2n+1 ) are bosonic (fermionic) evolution derivatives. 
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For the composite operators (-^ ± )" entering this representation, we 
can also obtain very simple expressions in terms of the Lax operators and 
bracket operation ([|), 



(L a )l n : 



(L Q )*,(L C 



a\2m+l ._ 



(L Q )i 



L a (L a )l n . 



(16) 



Similarly to the Lax operators L 1 * 1 , the operators (-^ ± )™ belong to the space 
of operators (0) and can be represented as 



M Jm-k)d 

1 



(m) 
0,/ 



fc=0 



E 

fc=0 



{m) (k-m)d 
v k,j e ■ 



(17) 



where u%j and v^j (with = Ufcj, u^j = Ufej) are functionals of the 
original fields {ukj, Vkj}- It must be noted here that in Lax representation 
(|l|), the Z 2 -grading of the operatora (I; 1 * 1 )™, which has the form c2(z±)|™ = 



and d 



1, agrees with another Z 2 -grading d 



and d 



D 



2n + l 



that corresponds to the statistics of the evolution derivatives D„ 

Using bracket properties ([§-[§) and relations ( |T6|) as definitions of 
(L ± )", we can easily obtain the useful identities 



- a\2n ( j a\2m 



in 2 ; 



((L a )i n y, (L a )i m+1 



(L a )l n+1 , (L a )l m 



0, 



((L a )l n+1 )\ (L a )l m+1 }= 2 (L a )l {n+m+1) . 



(18) 



Next, using Eqs. (f§-|6|) and (|I5|--|I6|) , we can derive equations of motion for 
the composite operators (-^ ± )™, 



D±(L a )r = T«(-i)" m [(((L ± ):)_j^),(L o )r} : 



(19) 



and the evolution equations for the functionals {u^f , v^} in ( |T7D implied 
by Eqs. found above, 



p=0 

- (-1) 



fe-p+nj-p+n 



(p+n)(fe-p+n) W (2m) \ 

p,j— k+p— n+2m k— p+n,j/ 



2n 

n+ (2m+l) _ \^((_-,\p (2n) (2m+l) 
LJ 2n U k,j - 2^VV X J «pj "fc-p+2n,j-p+2r t 

p=0 

_ /-_i\p(fc-p) T .(2n) ?/ (2m+l) x 

V / u 'p,j-fc+p-2n+2m+l u 'fe-p+2nj7' 

fc 

n+ 7| (2m+l) _ V^//_ lV ,+i (2n+l) (2m+l) 
jM 2n+l"fc,i — / ^VV ^ U p+2n+l,j u k-p,j-p 

p=l 

, /_ iWfc-p) u (2n+l) M (2m+1) ) (201 

^ V ^ u p+2n+lj-/c+p+2m+l u 'fc-pJ ^ \ ZL V 



n-1 

D n U k,j =^2((~ l Y P+r ' v p,j ">k+p-n,j+p-n 
p=0 

_ (_r\(p+n)(k+p-n) U) (m) x x 

I 1 J U p,j-k-p+n+m U k+p-n,j)i v Z1 J 



= E((- 1 ) (p+n)m 45*p. 



p=0 



_ C_1 ^(P+n)(fe+p-n) H Am) x / 99 x 

I ^ a p,j+k+p-n-m u k+p-n,j)> 



D - (2m) _ yv (n) (2m) 

n v k,j ~ / A U P,i u k-p+n,j+p-n 
p=0 



_ /_1\(p+n)(fc-p+n) («) (2m) x 

V / p,j+k— p+n— 2m fc— p+nj'/' 

2n-l 

n _ (2m+l) _ V^//_-,xp (2n) (2m+l) 
1J 2n V k,j — ' P.i U fc-p+2nj+p-2n 

p=0 

_ f_1^-P),,( 2 ") „(2m+l) x, 

V / >j+fc-p+2n--2m-l t; fc-p+2nj7' 

fe 

,(2m+l) _ \^/'/'_1^+l v ( 2n + 1 ) t ,( 2m + 1 ) 



D 2n+l V k,j — ^ L; p+2n+l,j t/ fc-p,j+p 

p=0 

, /_-,\p(fc-p) (2n+l) ? .(2m+l)x f2 ^ 

T I t, p+2n+l,j+fc-p-2m-l t; A:-p,j J \ zo J 



(in the right-hand side of these equations, all the fields , v^} with 
k < must be set equal to zero). 
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Lax representation ( |15| ) generates a non-Abelian algebra of flows of the 
iV=(l|l) 2DTL hierarchy, 

[D+ , Dj"} = [D± , D±] = 0, {L>± +1 , = 2L>± (ri+z+1) , (24) 

which can be realized as 

00 d 

where t 2n (^n+i) are bosonic (fermionic) evolution times. The dispersion- 
less iV=(l|l) 2DTL hierarchy flows are based on the continuum limit of 
flows (I20N23D constructed in Sec. 3.1. 



2.3 Bosonic symmetries of the N=(l\l) 2DTL equation 

The supersymmetric iV = (l|l) 2DTL equation 

Df D~[ Invoj = Vqj+i - Uoj-i (26) 



belongs to system of equations (p(i|--|2~3"|) . It can be obtained from Eq. (|2~l"D 
with {n = m = k = 1}, 

D i u i,j = ~ v o,j - v ,j+i, (27) 
and from Eq. (|2~2|) with {n = m — 1, A; = 0}, 

D+«oj = v 0>j (u ltj - (28) 
after eliminating the field Uij. Its bosonic symmetries Df n v j, with 

{D+, D±} = {D^D± n } = 0, (29) 
were described in @-0 m terms of the iteration procedure 

i^ujj* = , .4 2 -5-x + (-1) ^-^i^S, (30) 



10 



where the functions uj^j are related to the original functionals {Ukj,v^j} 
as 

(n) 

(n)+ _ (») (n)- _ V k-j-l 

U k,j ~ U k,ji U k,j - v „,_fc \ 6L ) 

(for detail, see [0]). 

The continuum limit of iV = (l|l) 2DTL equation (^) and of its sym- 
metries Df n voj ( [30|) is derived in Sec. 3.2. 



3 The dispersionless A/=(l|l) 2DTL hierarchy 

In this section, we construct the continuum (semiclassical) limit of the 
iV = (l|l) 2DTL hierarchy with respect to the lattice constant, which gives 
the dispersionless iV = (l|l) 2DTL hierarchy, and construct the correspond- 
ing Lax representation. 



3.1 Semiclassical limit 

Flows (p0|- [23|) of the AT=(1| 1) 2DTL hierarchy do not involve an explicit 
dependence on dimensional constants, and the lattice with the dimension- 
less coordinate j (j G Z) has the unit spacing constant. To study the 
continuum limit, we explicitly introduce the lattice spacing length. This 
parameter is denoted by h because it plays the role of the Planck constant 
in what follows. Instead of j, there then arises the combination 

hj = s, (32) 

and all the lattice fields acquire a dependence on the parameter h. The 
continuum (semiclassical) limit can then be defined as 

H -»• 0, s = lim^o, (33) 

with s playing the role of the continuum "lattice" coordinate. 

For the flows in Eqs. (^dH) to be nontrivial and regular in the limit in 
Eq. ( |33|) , we must additionally perform several scaling transformations of 
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the dependent and independent variables in the system. We postulate the 
rules for transition to the new evolution times and fields of the hierarchy 
given by 

^2n+l ~~ * ~ TF^+D tfn ~^ "fc^2n ^ ^2n+l ~ > V^-^2n+l' ^2n — > ^^fm (34) 



«2fcJ — > U 2 k{hj), V 2 k,j — > V2 k (Hj), 

u 2 k+i,j -> i u 2 k+i(hj), v 2 k+ij -> ^= v 2k+ i(hj), (35) 

and assume they are nonsingular at ft = 0. 

We can now establish two important properties of semiclassical limit 
(p3|-[35|), which have a key importance in what follows and are verified by 
direct calculations. 

The first property is that the new composite fields defined in accordance 
with the rules 



"2k,j u 2k K'"JJ: u 2k,j 

(2m+l) J_ u (2^+1)^ ^m+l) J_^(2m+l) m . 

u 2k+l,j ^ u 2fc+l U 2k+l,j ^ u 2k+l I'v J ) 



are regular in the semiclassical limit. 



From rules (|33| -pq) and the obvious identities 

( L «)2frn+D ;= ( L «)3( L «)*» (LQ) ( 2m+ l) ;= (37) 



which follow from Eqs. fllq), we can, for example, obtain the important 
recursive relations for the leading terms of the functionals u k ™^ = u ™ (s), 



k 2k+l 

(2(/+l)) _ (2) (21) (2(1+1)) _ „(2),.(a) 

2fc ~~ ^L-f 2n 2(Jfc-n) ' u 2fc+l ~~ Z-^ n 2fc-n+l' 

n=0 n=0 

2fc fc 

(21+1) _ (21) (21+1) _ (2/) 



U 2k 



^^ M 2fc-n> = 5Z U2fl + lU 2(fc-n)> ( 3 §) 



n=0 n=0 
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fc-1 



u 



(2) 
2k 



22 M 2n«2(fc-n) + 2 y]{k -U - l)u 2 (k-n)-ld s U2n+l, 



n=0 



n=0 



It 



(2) 
2k+l 



^ (1 - 2n)u 2 nd s u 2 (k-n)+i + 2(k - n)u 2 (k~n)+id s u 2 n , (39) 



n=0 



where d s := J^. 



The second property is that in semiclassical limit (|33| -0^) flows (|2~0|- 
[23]) of the iV=(l|l) 2DTL hierarchy are nontrivial and regular. Explicit 
expressions for their leading terms are as follows. 

For {m = 21, k = 2r} or {m = 21 + 1, k = 2r + 1}, we have 



n-l 



LJ 2n+\ a k 



p=0 



E2(p-»)«SS 1} ^ 



fc+2(p-n) 



+ (k-m + 2(p- n)){d s vf; + ^)u^ 2{p _ n) 



+ 2(-l) k J2v£ n+1) u (m) 



2p u 'k+2(p-n)-V 



p=0 



n-l 



,(2n)^ ni (m) 

fc+2(p-n) 



p=0 

+ (k - m + 2(p - n))(a s vg n) )M&2(p-n) 
+ Z l X J (7 2p+l"fc+2(p-n)+l 



n 

^ 2 + n4 m) = E[ 2 ^-^2 2 p n ^ 



(m) 

fc+2(n-p) 



p=0 



+ (fc-m + 2(n-p))(^ ) )4: ) 2(n 



2p ;"fc+2(n-p) 



n-l 



+ 2(-i) fc ]T 



(2n) (m) 



p=0 



^n+l^ = [ 2 ^ _ P) M 2p+l 1; <9^fc+2(p-n) 



2p+l u 'fc+2(n-p)-l' 



,( 2rl + 1 )« „,M 



p=0 



(2n+l)\ (m) 



(&-m + 2(p-n))(a s <£ 1J ) 



fc+2(p-n) 
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+ z \ L ) u 2p v k -l+2(p-n) 



u 2n v k 



n 



p=0 



(k-m + 2( P -n))(dJl n) )v^ 2(p _ n 



n-l 



+ o(-l) k Vi/ (2n) v {m) 

n-l 



U 2n V k 



-v) 

(2n)\ (m) 



p=0 

- (fc - m + 2(n - P)){dsv ( 2 p ny )v^ 2(n _ p) 
For {m = 21, k = 2r + 1} or {m = 21 + 1, k = 2r}, we have 

n-l 



n)v {n) d u (m) 

11 ) U p U s u k+p-n 



p=0 

+ (k + p-n-m)(d s v^)u^ p _ n 

2n 

DLu[ m) = E(- 1 ) mp [( 2 ^-^)4 2n) ^4-U 

p=0 

+ (k-p + 2n-m)(d s u p ^)ut ] p+ 2n 



D+v { k m) = E(-!) 



m(p+n) 



p=0 



n 



(k + p-n- m)(d s u p n) )v { ™l_ n 



2n-l 



u 2n v k 



p=0 



(k - p + 2n - m){d s vf n) ) 



(2n)\,,("») 



fc— p+2n 



(40) 



(41) 



14 



n+ u (2m) _ o V fn - oW (2n+1) 9 u (2m) 

- Ly 2n+l U 2fc — Z Z^[^ P) U 2p+l °s u 2(k-p+n) 
p=0 

+ (k-p + n- m)(9 a ugS 1) )«2(fc'-p+n) 



4- 7/ ( 2 ™+ 1 ) 7 ,( 2m ) 

U 2p U 2(fc-p+7i)+l 



^2n+l "2fc+l — Z ^ [ "2(p+n)+l U ° a 2(k-p)+l 



p=l 

(2n+l) \ (2m+l) 



(2n+l) (2m+l) 
M 2(p+n+l) M 2(fc-p) ' 



+ (m + p - k)(d s u\ {p J )+l )u\ {k _ p > +1 

k 

p=0 
2fc 

Dtn+l U 2k = ^^(~^) P P U p+2n+l^. 

p=l 



(2n+l) rj (2m+l) 
s-U 2fc-p 

(2n+l) \ (2m+l) 



+ (2(m - k) + v + i)(d sU ^;i)<r P 

2n+l 

^i«£ ) i = E[( 2n -p +1 )«? B+1)5 ' 

p=0 

+ (2(A; + n-m+l)-p)( < 9 s 4 2n+1 )) 



sU 2(k+n+l)-p 



(2m) 
M 2(fc+n+l)- 



n-1 



^2n+l W 2fc _Z Z^[^ "7 U 2p+l a ^ 2 (fe-p+n) 
p=0 

- (A; - p + n - m)(9 s vg"t 1 V2?2p+„) 



7 2p v 2{k-p+n)+l ' 
p=0 

ZT v (2m+1) - 2 V [-m; (2n+1) 9 v (2m+1) 

1J 2n+l U 2k+l — Z^L 2(p+n)+l (7 s t/ 2(fc-p)+l 
p=0 



+ (k - p- m)d s vf^ l J )+l )vf^ +l 



(2n+l) (2m+l) 
~+~ W 2(p+n+l) (7 2(fc-p) 
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D~ v {2m+1) 

ly 2n+l u 2k 



p=0 



-vv (2n+1) d v (2m+1) 

P u p+2n+l u s v 2k-p 



(2n+l) \ (2m+l) 



-(2(m-k)+p+l)(d s v^Mt 



2n 



LJ 2n+l u 2k+l 



J2\-(2n-p+l)v^dJ 2 { :l 



p=0 



— (2(/c + n — m + 1) — p)(d s v. 



n+l)— p 



(2n+l)\(2m) 



2(fc+n+l)-p 



(42) 



where all the fields {u ™ , v^} with k < must be set equal to zero 
in the right-hand sides. Flows (|40|-442|) thus derived are said to consti- 
tute the dispersionless iV = (l|l) 2DTL hierarchy. The corresponding Lax 
representation is constructed in Sec. 3.3. 



3.2 The dispersionless 7V=(1|1) 2DTL equation and its 
bosonic symmetries 



The dispersionless limits of iV = (l|l) 2DTL equation (Effi) and of its bosonic 
symmetries (|3~0|) can be easily obtained using Eqs. (|31]-|3~6|) . We respec- 
tively obtain 



DfD 1 lnf = 2<9 s i> 



(43) 



and 



Df n v G = v Q d s u 



(2n)± 
2n > 



(2n)± 
0,3 



+ u l U 2k+1 
r3lU l U 2k 



vodsii^^ + 2(n - k)(d s v )u2k ]± '', 



o (2n)± 



(44) 



Eliminating w^fc+f fr° m system of equations (|4|) , we finally obtain a 
recursive system of equations for the generation of bosonic symmetries of 



dispersionless iV = (l|l) 2DTL equation ( 43[) 



D 2n v o = v od s u 



(2n)± 
2n i 



U 



(2n)± 
0,j 



Dfuf k n)± = 2v (Df)- 1 \v d s u (2 { t% + 2(n - fc + l)(^o)4(£)l -(45) 
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We note that symmetries of the bosonic dispersionless 2DTL equation 
were found in [32|] (also see |2fJ) by solving the corresponding sufficiently 
complicated symmetry equation. 



3.3 Lax representation 

In Sec. 3.1, we constructed flows (|40H42"1) of the dispersionless iV = (l|l) 
2DTL hierarchy. We now find the corresponding Lax representation. Be- 
cause Lax representation (|i~5|) of the iV = (l|l) 2DTL hierarchy can be ex- 
pressed in terms of generalized graded bracket it is natural to ex- 
pect that to derive its semiclassical limit, the corresponding dispersionless 
AT=(1| 1) 2DTL hierarchy, it would suffice to replace all occurrences of this 
bracket with a certain Poisson superbracket and the operators with their 
symbols defined on the corresponding phase space. 

Our immediate problem is to model the phase space and the Poisson 
superbracket starting from certain properties with which they must be 
endowed. Recalling that the Lax operators of the iV = (l|l) 2DTL hier- 
archy, being defined on the space of operators graded by two different 
Z 2 -gradings @ and (|i~0|) , have only one diagonal Z 2 -grading (0), we can 
assume that the phase space inherits these properties. With the Z 2 -grading 
d e a = 1, d e 2d = of the lattice shift operator e ia taken into account, (|10|), 
we assume that its counterpart on the phase space is given by two co- 
ordinates, the Grassmann coordinate 7r (with 7r 2 = 0) and the bosonic 
coordinate p, via 

e 9 - -L tt, e » _> p . (46) 

Although the coordinate n is Grassmann, it must have a property, not 
typical of Grassmann coordinates, to commute with not only bosonic but 
also fermionic fields of the hierarchy, as follows from the continuum limit 
of relation @. 

It is obvious that in addition to the coordinates 7r and p, the phase space 
must include a continuum "lattice" coordinate s, Eq. fl3~2"l) . The resulting 
phase superspace {n, p, s} of the dispersionless iV=(l|l) 2DTL hierarchy 
contains the phase space {p, s} of the dispersionless 2DTL hierarchy as a 
subspace. 
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Having established the coordinates on the phase space, we can con- 
struct the Poisson superbracket for them. Recalling that the Poisson su- 
perbracket must agree with the superalgebra of the Z 2 -graded operators 
{\^he 9 , e 29 , hj}, to which the phase superspace coordinates {n, p, s} cor- 
respond, we can find these superbrackets relatively easily. We here give the 
Poisson superbrackets between two arbitrary functions Fi j2 = Fi j2 (7T,p, s) 
on the phase space obtained as explained above, 

_, _ i f m x d¥ 2 d¥ 1 d¥ 2 d¥ 1 d¥ 2 
Fi,F 2 > = 2p ( — — + 



dp ds ds dp dir dir 
f d¥ 1 d¥ 2 d¥ 1 0¥ 2 

+ sT" aT (47) 

We note that after the transition to the new basis {s,p, n} in the phase 
space given by the formulas 

~ s ~ , ~ K 
s :— — , p := mp, 7r 



2' ~" "• v^' 

s:=2s, p:=e ? , n := V2ne% , (48) 

Poisson superbrackets d47|) become 

F l5 F 2 U ^ ™1 - ^ ^ + ^ ^, (49) 
j dp ds ds dp dn dn 

which corresponds to the canonical orthosymplectic structure of the phase 
superspace. 

We now proceed to the next stage of deriving the Lax representation 
of the dispersionless iV=(l|l) 2DTL hierarchy. Heuristic formulas for the 
symbols and (Z^)" of the Lax operators L ± (|P|) and of the composite 
operators (L ± )™ (0-0) are 

t ± — ► 1 r± 

OO CO 

£+ = ^(M 2fc +i + u 2k n)p- k , CT = ^(^fc-i + v 2k 7r)p k ' 1 (50) 

jfc=0 k=0 

and 

(L±)^ - (£ ± )^, (L±)^ +1 - -L (£±) 2 -+\ 
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oo 
k=0 



k=0 



oc 



fc=0 
oo 

(£ - )?n+1 ;= + v g m ^n)p k —\ (51) 

fc=0 

respectively. By definition, all the fields {u[ m , v^} with k < must be 
set equal to zero. In obtaining these expressions we have used substitutions 
(|36l) and (|46|). We note that the above symbols are not commutative in 
general, 

( jC «)*( jC /3)- = (_i)fc-((/:/j)-)*(*)((/:«)*)*M j «,/? = +,-, (52) 

which is related to the atypical property of the Grassmann coordinate n 
noted above (see the remark after Eq. (M)). 



In Lax representations (|15|) and (|19l) for the iV=(l|l) 2DTL hierarchy 



and in defining relations (0), we finally replace the Lax operators with 
their symbols (|5T)H51~1) and the generalized graded bracket ([|) with Poisson 
superbracket fl4"T| ) in accordance with 

, . } -> h { . , . } (53) 



and then perform substitution (|34]) and take limit (|33|). This gives the 
expressions 

D±C a = ^(-l) n {{{(C ± K)_J*,£ a }, n6N, « = +,-, (54) 

^(rr^af-irjff^ij^.tnr}, n ,meN, (55) 

(£°)* m := ( \ {(n*, £*} y\ (£ a )l m+1 ■= £ a (nl m (56) 

for the dispersionless iV = (l|l) 2DTL hierarchy. Direct calculations con- 
firm that obtained relations (|5"5"H56|) correctly reproduce dispersionless 
flows ([38H42|) and are therefore the sought Lax representation for the dis- 
persionless iV = (l|l) 2DTL hierarchy. 
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4 Conclusions 



We have proposed new bracket operation (Q) with the properties in Eqs. 
dHD on the space of graded operators with an involution; this bracket 
generalizes the graded commutator in superalgebras. We then obtained a 
new form of Lax representation (15-16) and fll9|) for the two-dimensional 
iV=(l|l) supersymmetric Toda lattice hierarchy in terms of the general- 
ized graded bracket. We next used this representation to construct semi- 
classical limit (|33H36p of this hierarchy — the dispersionless iV = (l|l) Toda 
hierarchy in Eqs. (|4T)|-|4"2"|) — and its Lax representation (|50|-pl]), (|54"|--|5"6|) on 
the graded phase superspace with Poisson bracket (|47|) . Finally, we estab- 
lished bosonic symmetries (|45|) of dispersionless iV = (l|l) supersymmetric 
Toda equation d43|). 



One of us (V. K.) first became acquainted with A. A. Logunov while 
still a second-year student in the Physics Department of Moscow State 
University (1956) and over the decades since then have always felt his firm 
support in matters both within and outside science. All our best wishes, 
dear Anatolii Alekseevich! 
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Abstract 

Generalizing the graded commutator in superalgebras, we propose a new 
bracket operation on the space of graded operators with an involution. We 
study properties of this operation and show that the Lax representation 
of the two-dimensional iV = (l|l) supersymmetric Toda lattice hierarchy 
can be realized via the generalized bracket operation; this is important 
in constructing the semiclassical (continuum) limit of this hierarchy. We 
construct the continuum limit of the iV = (l|l) Toda lattice hierarchy, the 
dispersionless iV = (l|l) Toda hierarchy. In this limit, we obtain the Lax 
representation, with the generalized graded bracket becoming the corre- 
sponding Poisson bracket on the graded phase superspace. We find bosonic 
symmetries of the dispersionless iV = (l|l) supersymmetric Toda equation. 
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N=(l|l) cynepcHMMeTpuHHaa 

6e3^HcnepcHOHHaa 
penieTOHHaa nepapxnsi To^m 

BT. KaAbiineBCKHft (a) h A.C. CopHH (6) 
JlaSopaTopna TeopeTHHecKoft (|)h3hkh hm. H.H. 6orojiio6oBa, 

OSljeflHHeHHblH HHCTHTyT HflepHblX HCCJieflOBaHHH, 

lJj.1980 Dy6na, Mockogckclh o6jiacmh, poccun 
^ e-mail: kadyshev@jinr.ru 
^ e-mail: sorin@thsunl.jinr.ru 



AiraoTaipia 

IIpefljiojKeHa CKoSoHHaa onepaHiia Ha npocTpaHCTBe rpaflynpoBaHHbix 
onepaTopoB c nHBOJiion,neH, oSoSmaiomaa rpa^yHpoBaHHbin KOMMyTaTop 
cynepajireSp. IIoKa3aHO, ^to npe^CTaBjieHHe Jlaxca ,a,jia ^ByiviepHOH 
N = (1|1) cynepcHMMeTppiHHoii penieTOHHoii nepapxHH To^m mojkgt 
6biTb peajiH30BaHO KaK oSoSmeHHaa CKoSoHHaa onepainia, hto BajKHO 
fljia nocTpoeHna KBaaiiKJiacciiHecKoro (HenpepbiBHoro) npe^ejia 3toh 
nepapxHH. IIocTpoeH HenpepbiBHbiii npe^eji N = (1|1) peineTOHHoii 
nepapxHH To^bi — 6e3,a,HcnepcHOHHaa N = (1|1) nepapxna Tqzjbi, h 
nojiy^eHO ero npe^CTaBjieHHe Jlaxca, r^e o6o6ineHHaa rpaflynpoBaHHaa 
CKoSKa nepexo^HT b cooTBeTCTByioniyio CKoSKy IlyaccoHa Ha rpa^ynpoBaHHOM 
cpa30BOM cynepnpocTpaHCTBe. HafifleHbi 6o30HHbie chmmctphh 6e3flHcnepcHOHHoro 
= (1|1) cynepcHMMeTpHHHoro ypaBHeHHa To^bi. 

noceHU^aemcH 75-Aemuto anadeMUKa CLnamojiUH CLjieKceeeuua Aosynoea 
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1 BBe^eHHe 



B nocjie^Hiie HecKOJibKO ^ecaTHJieTiiii KBaHTOBaa Teopna nana (KTII), 
nprmaB Ha BOopy>KeHiie 3(p(pGKTHBHBie MaTeMaTHHecKHe MeTO^bi, npeBpaTHjiacb 
b Teopiiio, y^OBjieTBopaiomyio caMbiM CTporriM MaTeMaTHHecKHM TpeSoBaHHAM 
0. Ilocjie B03HHKHOBeHHa cynepcHMMeTpHHHbix KTII oco6oe BHiuviaHiie 
HCCJie^OBaTejien npiiBJieKJiii MHoronHCJieHHbie npo6jieMbi, KOTopbie, c 
o^hoh CTopoHbi, npe^CTaBJiaiOT HHTepec fljia MaTeiviaTHHecKOH (J)H3hkh, 
a, c flpyroft ctopohm, o6emaiOT Ba>KHbie (pH3HHecKne npHjio>KeHHa. 

B HacToameii pa6oTe 6ya,eT paccMOTpeHO HHTerpHpyeMoe N = 
(1|1) cynGpcHMMGTpiiHHOG o6o6meHHe penieTOHHOH ^ByiviepHOH 6o30hhoh 
nepapxHH Toflbi (2DTL Hepapxnn) [0], npe^jiojKeHHoe b || |. Oho 
npeflCTaBJiaeT coSoh 6ecKOHeHHyio cncTeiviy SBOJiiOHHOHHbix (no ^Byivi 
6030HHMM h flByM cpepMHOHHbiM 6ecKOHeHHbiM "6aHiHHM M BpeivieH) ypaBHeHHfi 
(noTOKOB) fljia SecKOHeaHoro Ha6opa penieTOHHbix 6o30HHbix h (pepMHOHHbix 
nojieii h co,i],ep>KHT KaK no^CHCTeiviy A^ = (1|1) cynepcHMMeTpnaHoe 
HHTerpnpyeMoe o6o6meHHe 2DTL ypaBHeHHH, o6o3HaHaeMoe b ^ajibHefiineM 
nocpeflCTBOM N — (1|1) 2DTL. 

IIo3flHee b pa6oTax [5|, |6|, [7] Gbijih nocTpoeHbi ,TBe HOBbie 6ecKOHeHHbie 
cepHH (pepMHOHHbix noTOKOB N = (1|1) 2DTL piepapxnn h, KaK cjieflCTBne, 
6bijio ycTaHOBjieHO, hto 3Ta Hepapxna, b ^eiicTBHTejibHOCTH, oSjia^aeT 
6ojiee bbicokoh CHMMeTpneii, a hmchho N = (2|2) cynepcHMMeTpneH. 9th 

nOTOKH, COBMeCTHO C paHee H3BeCTHbIMH 6030HHMMH nOTOKaMH N = (1|1) 

2DTL nepapxHH, hbjihiotch chmmctphhmh N = (1|1) 2DTL ypaBHeHHa 
fH, H, |7|. HenpepbiBHbiH npe^eji no niary penieTKH nocjie^Hero ypaBHeHHH 
H npe^CTaBjiaeT co6oh TpexMepHoe HejiHHeiiHoe ypaBHeHne, Ha3biBaeMoe 
HenpepbiBHbiM hjih 6e3,a,HcnepcHOHHbiM A" = (1|1) 2DTL ypaBHeHneivi; b 
HP TaK>Ke paccMaTpnBajiocb penieHne cooTBeTCTByioiHeH 3a^;ann Konin. 

XoTa A" = (1|1) 2DTL nepapxna n 6e3flncnepcnoHHoe A" = (1|1) 
2DTL ypaBHeHne H3BecTHbi ^ocTaTOHHO ^aBHO, npodAejua nocmpoenuH 
nenpepuenoso (Kea3UKAaccunecKoso) npede/ia no uiasy peuierrtKU, mpawu^ezo 
3decb poAb nocmoHHUou Tb/iaHKa, 3am ecex nomoKoe N = (1|1) 2DTL 
uepapxuu neAHemcsi exi^e ne pemeuHou u docmamoHHO CAOotcnou 3adaHeij^. 
Kpoivie hhcto aKa^eMHnecKoro 3HaneHHH 3toh npo6jieivibi, HHTepec k 

1 B SToii CBS3H 3cimgthm, hto aHajioriiHHbie aa^aHH rjik fliKpcpepeiiipiajibHO- 
pa3HOCTHbix ypaBHGHHH paccMaTpiiBajiiicb b ipiKjie pa6oT [n| [y], [l2| [l^, [l4|, pi| . 
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ee penieHHio CBa3aH c pa^OM b&>khi>ix (pii3iiHecKiix 11 MaTeMaTiiaecKiix 
npnjio»ceHHH. pe^b vifliei, b nacTHOCTii, o KBaaHKJiaccHHecKOM npe^ejie 
6o30HHoro npoo6pa3a A" = (1|1) 2DTL iiepapxiiii — 6e3,n;iicnepciiOHHOH 
2DTL iiepapxiiii ||17|| , npe^CTaBjiaiomeH coSoh o6T>e,i],iiHeHiie noTOKOB 
2DTL iiepapxiiii, B03HHKaiomHx b jiiynrpyiomeM npii6jiii>KeHiiii KBasiiKjiacciinecKoro 
pa3Jio>KeHna, nocTpoeHHOM b pa6oTe |18] (cm. TaioKe o63op |0J). B 
KanecTBe iiJunocTpauiiii, mojkho npiiBecTii nepeaeHb bo3mojkhbix npiuiOKeHiift 
6e3flHcnepcnoHHoii 2DTL iiepapxiin: 

1. nocTpoeHiie pa^a caMO,a,yajibHMx BaKyyMHbix MeTpiiK h MeTpiiK 
SnHniTeHHa-BeiijiH; 

2. TeopiiH tbhctopob; 

3. flByMepHoii KOHCpopMHOH ii TonojiorHnecKOH Teopim nana; 

4. flByiviepHOH Teopiiii CTpyH 

(cm., T aK>Ke |20|, |T], ||, ||, H, H, |H |27|, |28|, |,g§M npiiBe^eHHbie 
TaM ccmjikii). 

HMea b Biifly rjiy6oKyio CBa3b Mea^y 2DTL h A" = (1|1) 2DTL 
iiepapxiiaMii, npe^CTaBJiaeTca ecTecTBeHHbiM nojiaraTb, hto h 6e3,n;iicnepciiOHHaa 
A" = (1|1) cynepciiMMeTpirmaa 2DTL iiepapxiia Hafi^eT aHajioriiHHbie 
npmiojKeHiia b cynepciiMMeTpiiHHbix o6o6ni;eHiiax nepeaiicjieimbix Bbinie 
TcopHH. TlocAednee odcmoHmeAbcmeo neuAocb cmuMyAOM 3ah nocmpoenuM 
6e3ducnepcuoHHOu N = (1|1) 2DTL uepapxuu e dannou pa6ome. 

Dajiee mm xotcjiii 6m ocoSo no^aepKHyTb, hto cymecTByromiiH oSihiih 
ajiropiiTM nocTpoeHiia KBa3iiKJiaccnaecKiix aciiMnTOTiiK, Hcnojib30BaHHbiH 
b paSoTe [[0|] fljia 2DTL uepapxuu, BCTpeaaeT pafl KaK cpopMajibHbix, TaK 
ii HecpopMajibHbix npenaTCTBHH npa npaMOJiimeiiHOM pacnpocTpaHeHiiii 
Ha cjiyaaii A" = (1|1) 2DTL iiepapxiiii. Tax, o6meii3BecTHO, hto b 
KBa3HKjiaccHHecKOM npe^ejie Bee onepaTopM nepexo^aT b hx chmbojim, 
3a^aBaeMbie Ha cooTBeTCTByiomeM (pa30BOM npocTpaHCTBe, a (aHTn)KOMMyTaTopbi 

B CTaH^apTHMX npeflCTaBJieHHHX JIaKCa 3aMeHaK)TCa COOTBeTCTByiOIH;HMH 

CKo6KaMH IlyaccoHa. Hto jxe KacaeTca npe^jiojKeHHoro b pa6oTe @ 
npeflCTaBjieHHa Jlaxca ,a,jia A" = (1|1) 2DTL iiepapxiiii, to oho He 
HMeeT (aHTH^KOMMyTaTopHoro Biifla. IIosTOMy 6yKBajibHoe npHMeHeHHe 
BbinienpHBe^eHHoro KaaecTBeiiHoro peueiiTa nepexo^a k KBa3HKJiaccnKe 
Ka»ceTca 3aTpy^HHTejibHMM. 

Dpyrofi npHHHiinnajibHO BaaaiOH, KanecTBeHHO hoboh aepToii A" = 
(1|1) 2DTL nepapxHH no cpaBHeHHio c ee 6o30hhmm npoo6pa30M, 
ycjiOKHaiomeii paccMOTpeHiie, aBjiaeTca to, hto onepaTopM, Bxo,a,aiii;iie 



4 



b ee npeflCTaBJiemie JIaKca, 3a^;aiOTca Ha npocTpaHCTBe c ^Byivia Z2- 
rpa^ynpoBKaMH, oSjia^aa, o^HaKO, tojibko o^hoh fliiaroHajibHoft Z2- 
rpa^ynpoBKOH. IIo stoh npiiniiHe b oSmeM cjiynae ^;a>Ke b KBa3HKJiaccHHecKOM 
npe^ejie Hejib3fl ojKH^aTb KOMMyTaraBHOCTH chmbojiob 3thx onepaTopoB. 

K CKa3aHHOMy moxho TaK>Ke ,a,o6aBHTb h B03MO>KHbie ycjico-KHeHHa, 
CBA3aHHbie c TeM, hto (pepMHOHHbie h 6o30HHbie nojia N = (1|1) 
2DTL nepapxHH Moryr HMeTb He coBna,u;aiOBXHe KBa3HKJiaccHHecKHe 
acHMnTOTHKH, KOTopbie HeoSxo^HMO 3a^;aTb caiviocorjiacoBaHHO. AHajiorHHHaa 
CHTyainiH HMeeT MecTO ^Jia (pepMHOHHbix h 6030HHMX BpeivieH 3toh 
nepapxHH, oflHaKO nocjie^HHe mo>kho JierKO corjiacoBaTb, ^onojiHHTejibHO 
npHBjieKaa cooSpajKeHHa pa3MepHOCTH. 

CoBceM He^aBHO HaMeTHjica onpeflejieHHbiii nporpecc Ha nyTH nocTpoeHHa 
KBa3HKJiaccHHecKoro npe^ejia N = (1|1) 2DTL nepapxHH. TaK, b pa6oTe 
6mjio o6HapyjKeHO, hto npe^CTaBJieHne JIaKca fljia stoh nepapxHH 
MOJKeT 6biTb npHBe^eHO k KOMMyTaTopHoii (popivie (ypaBHeHne (39) b 
(?]]) nocpe^CTBOM BBefleHHfl pa^a hobmx BcnoMoraTejibHbix (pepMHOHHbix 
nocTOflHHbix (fleTajiH cm. 0). Xota nojiynaeMoe tskhm cnoco6oM 
KOMMyTaTopHoe npeflCTaBJieHne, Ha nepBbin B3rjia^;, KajKeTca HCKyccTBeHHbiM, 
b flencTBHTejibHOCTH, b HeM 3aKO^HpoBaHa Ba>KHaa HOBaa oSoSnjeHHaa 
rpa^ynpoBaHHaa CKo6oHHaa onepaHiia, KOTopaa mojkgt SbiTb onpeflejieHa 
b ^ocTaToaHO oSihhx TepMHHax, htoSm HMeTb hihpokhh cneKTp npHjico-KeHHii. 
Mu eeoduM ee e paccMompeuue e HacmoHimeu pa6ome u ucnoAb3yeM d/in 
pemenuA u3ynaeMou 3decb npo6jieMU. 

0Ka3biBaeTca, hto HMeHHO b TepMHHax ^aHHOH ckoSohhoh onepaHHH 
MoryT 6biTb BbipajKeHbi Bee ocHOBHbie cooTHonieHHa, onpeflejunomiie N = 
(1|1) 2DTL nepapxHio, h rjih stoto He Tpe6yeTca BBe^eHne hhk<ikhx 
BcnoMoraTejibHbix o6T>eKTOB, rana ynoMimyTbix Bbinie (pepMHOHHbix 
nocTOflHHbix. 6ojiee Toro, b KBa3HKjiaccHHecKOM npe^ejie hmshho 
3Ta CKo6oHHaa onepainiH 3aMeHaeTca cooTBeTCTByiODxeH cynepcKo6Koii 
IlyaccoHa Ha (pa30BOM cynepnpocTpaHCTBe. TeM caMbiM 3a^aeTca 
npeflCTaBJieHne JIaKca ^jih 6e3,THcnepcHOHHOH N = (1|1) 2DTL nepapxHH. 

CTpyKTypa ,a,aHHOH pa6oTbi TaKOBa. B naparpa(pe 2 mm bbo^hm 
o6o6meHHyio rpaflynpoBaHHyio CKoSoHHyio onepaHino Ha npocTpaHCTBe 
rpa^yHpoBaHHbix onepaTopoB c HHBOjnoHHeii, o6o6maiomyio rpa^yHpoBaHHbiH 
KOMMyTaTop ,h;jih cynepajire6p, onncbiBaeM ee CBoiicTBa h npHBO^HM 
cooTBeTCTByiomHe o6o6ni;eHHbie TOJK^ecTBa 5Iko6h. 3aTeM mm nojiynaeM 
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npeflCTaBJieHiie JIaKca N = (1|1) 2DTL nepapxnn, a TaKJKe Bee 
ocHOBHbie onpeflejiHiomne ero cooTHOineHna b TepMimax o6o6meHHon 
rpa^ynpoBaHHOH ckoSkh. Mbi npiiBOfliiM ^ajiee HBHbie BbipajKeHna 
rjir noTOKOB A" = (1|1) 2DTL nepapxnn n 6o30hhmx cnMMeTpnii 
A" = (1|1) 2DTL ypaBHeHHa, KOTopbie biiocjig^ctbhh ncnojiB3yiOTCfl 
b naparpacpe 3 rjisi nojiyneHnn hx 6e3,a,HcnepcHOHHMx aHajioroB. B 
naparpacpe 3 TaKJKe onpe^ejiaeTca KBasnKJiaccnnecKHn npe^eji A" = (1|1) 
2DTL nepapxnn n nocTyjinpyeTcn cooTBeTCTByiomee acnMnTOTnnecKoe 
noBe^eHHe cpepMHOHHbix n 6o30HHbix nojien, napaMeTpnsyroinnx onepaTopbi 
JIaKca. 

3aTeM c noMonjbio bthx flaHHbix mm BbinncjineM acnMnTOTnnecKoe 
noBefleHne Bcex KOMno3iiTHbix onepaTopoB, Bxo,n;ninHx b npeflCTaBJieHne 
JIaKca n cooTBeTCTByioiu,He eiviy nojieBbie SBOjnoirnoHHbie ypaBHeHiia. 
Dajiee mm nonynaeM HenpoTHBopenHBbie, peryjinpHbie Jin^npyioiirHe 
HJieHM KBa3HKJiaccnnecKoro pa3Jio>KeHH5i sthx SBOjnoirnoHHbix ypaBHeHnn, 
nBJinionrnxcn, no onpe^ejieHHio, noTOKaMH 6e3^HcnepcHOHHOH A" = 
(1|1) 2DTL nepapxnn. TeM caMMM anocTepnopn fleMOHCTpnpyeTcn 
caMOCorjiacoBaHHOCTb Haninx nocTyjiaTOB, jie^Kamnx b ocHOBe Bcex npoBefleHHbix 

BMHHCJieHHH. 

Cjieflyiomnn inar — MOflejinpoBaHne cynepcKoSKii IlyaccoHa Ha cpa30BOM 
cynepnpocTpaHCTBe, npeflCTaBJinioineM co6on cpa30Boe npocTpaHCTBO 6e3^HcnepcHOHHOH 
2DTL nepapxnn, pacninpeHHoe o^hoh rpaccMaHOBOH KOop^HHaTOH. H, 
HaKOHen,, 3aMeHnn onepaTopbi Jlaxca Ha hx chmbojim, a o6o6ru,eHHyio 
rpa^yHpoBaHHyio CKoSKy Ha yKa3aHHyio cynepcKoSKy IlyaccoHa b npe^CTaBJieHHH 
JIaKca fljia A" = (1|1) 2DTL nepapxHH h bo Bcex onpe^ejimoinnx ero 
cooTHonieHHHx, mm y6e>KflaeMCH npHMMM BMHHCJieHHeM, hto nojiynaeMoe 
TaKHM cnocoSoM onepaTopHoe npe^CTaBjieHHe npaBHjibHO BOcnpon3BO,zrHT 
nocTpoeHHbie hemh paHee iiotokh 6e3flHcnepcnoHHOH A" = (1|1) 2DTL 
nepapxnn, T.e. HBJineTcn hckommm npe^CTaBJieHneM JIaKca fljin nocjieflHeii 
nepapxnn. B naparpacpe 4 mm KpaTKO pe3K)MnpyeM ocHOBHbie pe3yjibTaTM, 
nojiyneHHbie b paSoTe. 

2 N=(l|l) 2DTL Hepapxna 

B 3tom naparpacpe BBOflHTcn HOBan rpaflynpoBaHHan CKoSonHan 
onepannn n Ha stoh ocHOBe npe^JiaraeTca HOBaa cpopMa pjin npe^CTaBjieHna 
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JIaKca N = (1|1) 2DTL Hepapxnn. 



2.1 o6o6m,eHHbie rpa/iyHpoBaHHwe cko6kh 

paccMOTpHM npocTpaHCTBO onepaTopoB c rpaflynpoBKOH do k (do k G 



Z) 



h HHBOJnon,HeH *, 



^Oi0 2 — do 1 + do 2 , 



\, (2) 

r^e 3^,ecb h b ^ajibHennieM O k *^ m ^ oSoaHanaeT m-KpaTHoe ^eiicTBHe 
HHBOJiion,HH * Ha onepaTop O^. Ha btom npocTpaHCTBe mojkho onpe^ejiHTb 
o6o6iu,eHHyio rpa^ynpoBaHHyio CKoSoHHyio onepainiio [...,...}: 



n, ^2 



f_l\do 1 do 2 Q 2 *( rf O!) 1 *( d o 2 ) ) 



(3) 



co cjie^yioinHMH jierKO npoBepaeMbiMH CBOiiCTBaMii: 

CuMMempun 



Dutpffiepemj^upoeaHue 



"1,^3 



^i,O 2 }o 3 + (-l) do i d0 2O2 (dOl) 



5 1 *(*J 2 ) ; 3 



(4) 



(5) 



ToMcdecmea Rko6u 



(-1)*>1*>3 Ol* (d °3) , 2 |, 3 * (d °l' I 



_|_ (_;Qcio 2 'Ao 
_|_ ^ ^<k )3 d( 3 



a o 2 ) 



0. 



(6) 



2 * (cb i\G 3 
3 * (do 2',Oi|,0 2 * (do 3 ) 

CooTHOineHHa ([§-|6|) oSoSmaiOT cooTBeTCTByioiHHG CBoiicTBa rpa^yHpoBaHHoro 
KOMMyTaTopa cynepajire6p JIh. Mm xoTejiH 6m no^HepKHyTb, hto b 
nacTHOM cjiynae, Kor^a hhbojuoi^hji * (|2|) fleiicTByeT KaK TOJK^ecTBeHHoe 
npeo6pa30BaHne, CKo6Ka (|^) BOcnpoH3BO^HT rpa^ynpoBaimbiH KOMMyTaTop 
cynepajireSp JIh. B cjiynae me HeTpnBHajibHoro fleHCTBHH hhbojiiod;hh 3Ta 
CKoSxa HBjifleTCH HeTpnBHajibHbiM o6o6m;eHHeM nocjieflHero. 
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2.2 npeflCTaBjiemie Jlaxca h iiotokh 



Mbi Ha^meM btot pa3,a,eji c ,a,eTajiH3anHH npocTpaHCTBa onepaTopoB, hx 
rpa^ynpoBKH n HHBOjnonnn, HMeioinnx OTHOineHiie k pacciviaTpiiBaeMOH 
3flecb N = (1|1) 2DTL iiepapxnii. 

3th onepaTopbi MoryT Sbitb npe^CTaBJieHbi b cne^ryioineM oSmeM BH^e: 



oo 

"m 



E fife^ 9 , m G Z, (7) 



k=— oo 

r,n;e napaMeTpnsyiomne hx (pyHKnnn f^- (f^k+ij) aBJiaiOTca -^-rpaflyn- 

pOBaHHblMH 

d f {m) = |^| no MO^yjiio 2 (8) 

6o30HHbiMH ((pepMHOHHbiMn) peniGTOHHbiMH nojiaMH (J G Z), a onepaTop 
e 19 (I G Z) ^eiicTByeT Ha sth nana KaK flncKpeTHbiii pemeTOHHbin cflBnr 

e W flf - fl%e ld (9) 

h oSjia^aeT flpyroii Z 2 -rpaflyHpoBKOH 

d e w = \l\ no MOflyjno 2. (10) 

OnepaTopbi (0) ^onycKaiOT 3a^aHHe TOJibKO o^hoh ^naroHajibHOH 
rpa^yHpoBKH 

do m = d {m) + d e ( k -m)d = | to | no MOflyjno 2 (11) 

n HHBOjnonnn 



fc=— oo 



E ("l)*/^^ 8 . (12) 



B ^ajibHennieM HaM TaK>Ke noHaflo6aTca npoeKnnn (O m )_|_ onepaTopoB O m 
(0), onpe^ejiaeMbie KaK 



m— 1 

-<« ' + = E /S )e(fe " m)9 > (°-)- = E fif eik ' m)a - (is) 

k=m k=—oo 
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OnepaTopu JIaKca L ± N = (1|1) 2DTL nepapxHH npHHa^jiejKaT 
npocTpaHCTBy onepaTopoB fl7|) || [7| 



L + = J2 Uk >i eil ~ k)9 > w °>i = 1 > L ~ = J2 v ^ e(k ~ 1)9 > ^0(14) 

fc=0 fc=0 

h HM6IOT rpa^yHpoBKy d^± = 1. 

Tenepb mm pacnojiaraeM bcgmh Heo6xo,a,nMbiMn ,a,aHHbiMH fljia Toro, 
hto6m Bbipa3HTb npe^CTaBjieHHe Jlaxca N = (1|1) 2DTL iiepapxiiii b 
TepMHHax ckoSohhoh onepauiiH @ h TeM caMbiM npn^aTb eivry oneHb 

npOCTOH BHfl: 

DZL a = ^{-l)»\(({L ± ):)_J',L a V a 



+,-, n£ff, 



15 



r,u;e Df n (Df n+1 ) -6o30HHbie ((pepMiioimbie) aBOJiioixiiOHHbie npoH3BO^Hbie. 

Djia Bxoflain,Hx b sto npe^CTaBjieHne KOMno3HTHbix onepaTopoB (L^)™ 
TaK>Ke MoryT 6biTb nojiyneHbi BecbMa npocTbie Bbipa>KeHHfl b TepMHHax 
onepaTopoB Jlaxca h cko6ohhoh onepan,HH (|3|) 

1 r 1 \ n 

* " (L a )l m+1 := L a (L a )l n . (16) 



(L a )T ■ 



(L a y,(L c 



KaK h onepaTopbi Jlaxca L ± , onepaTopbi (Z-*)" npHHaflJie>KaT npocTpaHCTBy 
onepaTopoB (|7]) h MoryT 6biTb npe,a,CTaBjieHbi b cjie^yiomeM BH^e: 



(m) 



fc=0 



fc=0 



(m) (fc-m)S 
V k,j e 



,(17) 



(m) (m) / (1) _ (1) _ \ , 

r^,e w^y h u^/ (ujy = t^j = Vkj) — (pyHKn,HOHajibi hcxo^hmx 

nojiefi {ukj, Vkj}. 3flecb BaacHO OTMeTiiTb, hto b npeflCTaBJieHim JIaKca 



h d 



1 



h d 



2/1 + 1 



(|1~5|) Z 2 -rpa^;yHpoBKa onepaTopoB (Z — d(£±)2n 
— corjiacoBaHa c flpyroii Z 2 -rpaflynpoBKOH d '± 

COOTBeTCTByiOmeH CTaTHCTHKe BBOJIIOIXHOHHblX npOH3BOflHbIX Z)^. 

Hcnojib3ya CKo6oHHbie CBoiicTBa (^|-§P h cooTHOineHiia ( [X6| ) KaK 
onpe^ejieHna fljia (Z 1 * 1 )™, HeTpyznro nojiyniiTb nojie3Hbie TOJK^ecTBa 

"(L Q )^,(L Q )^}=0, 



a\2m+l 



((L«)f r, (L-)f 



(Z*)f+\(Z^ 



a\2m 



0, 



(18) 
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Tenepb, npiiMeHaa (Q-^) h (|I5|-|I6|) , mojkho bmbccth ypaBHeHiia ^BHJKeHiia 
fljia KOMno3HTHBix onepaTopoB {L^)™ 

D±(L a )r = T«(-i)" m [(((L ± ):)_j^,(L«)r}, (19) 

a TaK>Ke 3BOJiion,noHHbie ypaBHeHHH ^jia cpyHKipiOHajiOB {u^f , Vfc'f} (Q); 
BbiTeKaiomHe H3 Haii,z],eHHbix ypaBH6Hnii fll9|): 



p=0 



?7 

j k—p+n,j—p+n 



->\(p+n)(k-p+n) in) (2m) x 

u p,j-k+p-n+2m u k-p+n,j/' 



2n 

D+ (2m+l) _ V^//_ n p (2n) (2m+l) 

- Ly 2n a k,j ~ > P>3 U k~p+2n,j-p+2n 

p=0 



I^(fc-P) 7 ,( 2 ") 1( (2m+l) x 

' a p,j-k+p-2n+2m+l a k-p+2n,j)i 



n+ , ( ( 2m + 1 )-V(f-1^+ 1 1 , (2n+1) 7/ (2m+l) 
2n+l fcj ~~ / V IA u p+2n+l,j u k-p,j-p 



p=l 



, (_i\p(fc-p) (2n+l) (2m+l)x /^qX 

I 1 J u p+2n+l,j-k+p+2m+l u k-p,j )i ) 



n-1 



pj t+p-nj+p-n 



p=0 



_ r— 1 ^(p+ n )( fc +p-™),,( n ) ,/ m ) ^ 

V *-) u p,j-k-p+n+m u 'k+p-n,j/i 



(21) 



n 

n+„( m ) _ V^f^l^+^m 00 M 
LJ n u k,j ~ / j\\ 1 ) a p,j u k+p-n,j-p+n 

p=0 

_ ( -*\\(P+n)(k+p-n) M Am) x / 99 x 



n-1 



D~v (2m) 

n u k,j 



(n) (2m) 
Z_^\ u p,j v k-p+n,j+p- 
p=0 

(_-[ \(p+n)(k-p+n) (n) 



p,j+k— p+n— 2m 



(2m) x 
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2n-l 

^S n+1) = E((- 1 ) p <T ) - (2!i! " i 



A;— p+2n j'+p— 2n 
p=0 

'_i\p(k-p) (2n) (2m+l) \ 

1 ' u p,j+k-p+2n-2m-l u k-p+2n,jJ ' 



,(2m+l) _ V^^Ttf+l^Ml) -|; (2m+l) 



p+2n+l,j k—p,j+p 
p=0 

, (_l\p{k-p) ? ,(2n+l) 7 ,(2m+l)x / ? o\ 

(b npaBbix nacTax Bee nojia {l4™ , w ^ } c k < ,a,oji>KHbi Sbitb nojioaceHbi 
paBHBIMH Hyjiio). 

IIpeflCTaBJieHHe JIaKca (^) reHepupyeT Hea6ejieBy ajire6py iiotokob 
N — (1|1) 2DTL iiepapxiiii 

[D+ , Df} = [Dj , D±] = 0, {L>± +1 , L>± +1 } = 2£>±^ +1) , (24) 

KOTopaa MoaceT 6biTb peajiH30BaHa KaK 

00 d 

1=1 n 

r^e t 2 n (t 2n+ i) - 6o30HHbie (cpepMHOHHbie) 3BOJiion,noHHbie BpeMeHa. 
HenpepbiBHbra npe^eji noTOKOB (f2l^-|2~3|) 6y^eT nocTpoeH b naparpacpe 3.1 
h jiiDKeT b ocHOBy onpe,a,e.JieHna noTOKOB 6e3,a,ncnepcHOHHOH N = (1|1) 
2DTL iiepapxiiii. 

2.3 6o30HHbie CHMMeTpnn N=(l|l) 2DTL ypaBHeHHa 

CynepcHMMeTpHHHoe N = (1|1) 2DTL ypaBHeHiie 

Df Di \nv 0J = Vqj+i - Uqj-i (26) 



npimafljiejKHT ciiCTeivie ypaBHeHHii (f20|--|2~3|) . Oho BbiTeKaeT 113 ypaBHeima 
( PH ) npii {n = m = k = 1} 

D i u hj = ~ v o,j ~ Voj+i (27) 
h ypaBHeiraa ([22]) npii {n = m = 1, & = 0} 

Dtvoj = «dj(wij - uij-i) (28) 
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nocjie ncKjnoneHna nana u\j. Ero 6o30HHbie cnMMeTpnn Df n voj 

{D+ , Df n } = {Djf, Dfj = (29) 

6mjih onncaHbi b paSoTax f| H B TepMHHax aneflyiomeH HTeppannoHHon 
npone,irypbi: 

u, in v V>,3 — u 0,]\ a 2n,j a 2n,j-l)> u 0,j ~ l i 
±^1*^ = .0.4 2 -5-X + (-^Vi-^n+l^-S, (30) 

r^e cpyHKnnn ujjTj^ CB33aHbi c ncxoflHbiMii cpyHKirnoHajiaMn {u^j ,v^} 
cjieflyiomHM o6pa30M: 

(n) 

_ Jn)~ _ V k,-j-l / 31 x 

2^,rn=l V 0,k+m-n-j-l 

(^eTajiH cm. b 0). 

HenpepbiBHbifl npe^eji A" = (1|1) 2DTL ypaBHemiH (|2~6 ) n ero 
CHMMeTpHH D^ n Voj ( |30| ) 6y,a,eT nonyneH b naparpacpe 3.2. 



3 6e3^HcnepcHOHHaa N=(l|l) 2DTL nepapxna 

B 9tom naparpacpe CTponTca HenpepbiBHbin (KBa3HKjiaccnnecKHn) no 
niary pemeTKH npe,a,eji A" = (1|1) 2DTL nepapxnn — 6e3,a,HcnepcHOHHaa 
A" = (1|1) 2DTL nepapxna, n KOHCTpynpyeTca cooTBeTCTByiomee eMy 
npeflCTaBJieHne JIaKca. 



3.1 KBasHKjiaccHHecKHH npe,a,eji 



IIotokh (p0|-[23|) N = (1|1) 2DTL nepapxnn, BBe^eHbie b npe^bi^ymeM 
naparpacpe, He co^epjKaT aBHyio 3aBncnMOCTb ot pa3MepHbix nocToaHHbix, 
a penieTKa c 6e3pa3MepHon KOop^HHaTon j (j G Z) nivieeT eflHHHHHbin mar. 
Djia H3yneHna HenpepbiBHoro npe^ejia BBe^eM sbho fljinHy niara penieTKH. 
ilocKOJiBKy 9tot napaivieTp b ^ajibHennieM Sy^eT nrpaTb pojib nocTonHHon 
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IIjiaHKa, mm 6y^;eM o6o3HanaTb ero kbr H. TaKHM o6pa30M, BMecTO j 
B03HHKaeT K0M6nHanna 

hj = s, (32) 

n Bee penieTOHHbie nana HannHaiOT 3aBnceTb ot napaivieTpa H. Tor^a, 
HenpepbiBHbiii (KBa3HKjiaccnnecKHn) npe^eji mojkbt SbiTb onpe^ejieH KaK 

ft — >• 0, s = lim^o, j»i(fij), (33) 

a s BbiCTynaeT b pojin HenpepbiBHon "penieTonHon" KOopflHHaTM. 

Djia Toro, nTo6bi iiotokh HeTpiiBHajibHbiMii n peryjinpHMMn 

b npe,a,ejie (33), Heo6xoflHMO ,o,onojiHHTejibHO ocymecTBHTb HeKOTopbie 
MacniTaSHbie npeo6pa30BaHna 3aBnciiMbix h He3aBncnMbix nepeMeHHbix, 
npHHafljiejKani;Hx ciiCTeMe. TaK, mm nocTyjinpyeM cjiepjmmjie npaBiuia 
nepexo^a k hobmm 3bojiioii;hohhmm BpeMeHaM 

1 1 

n nojiaM nepapxnn 

u 2 k,j -> u 2k {ftj), v 2k ,j -> v 2k {ftj), 

uzk+ij -> 7^= u 2k +i(hj), v 2 k+i,j -> v 2k+1 (hj), (35) 

nojiaraa nx HecnHryjiapHbiMH npn ft = 0. 

Tenepb moxho ycTaHOBHTb ,a,Ba HeTpnBnajibHbie KjnoneBbie CBOHCTBa 
KBa3HKjiaccHaecKoro npe^ejia (|33|-|35|), KOTopbie hmciot Ba>KHoe 3HaneHne 
fljifl flajibHenniero paccMOTpeHna h npoBepaiOTca npaMMMn BbinncjieHnaMn. 

IlepBoe cbohctbo coctoht b tom, hto HOBbie KOMno3HTHbie nojia, 
onpeflejieHHbie no cjieflyionniM npaBHJiaM 

4fi u { 2 ™\hj), v { 2 ™] -> v^\hj), 

(2m+l) J_ (2m+l)^ .x (2m+l) J_ (2m+l),. , 

U 2k+l,j u 2fc+l WJl U 2k+l,j ^ y 2fc+l I'W) 



^u¥™[{h]), v^l - -> y/hv ( £l\{hj), (36) 



*2fc+i,j v u, 2fc+iV"-j;5 ^2fc+i,i 
peryjiapHbi b KBa3HKjiaccnnecKOM npe^ejie 
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H3 (|33H36|) II OHeBHflHMX TOJKfleCTB 

( L «.)2(m+1) ;= ^f^frn^ (L a)(2-+D ;= L « (jL «)2™ (37) 

cjieflyiomHx H3 (fUf), mojkho nojiy^HTb, HanpHMep, Ba>KHbie peKyppeHTHbie 

1 (m) (m) / \ 

COOTHOHieHIia flJIfl JIH^HpyiOIU,HX HJieHOB CpyHKI],HOHajIOB u k = u k (s) 

k 2k+l 
(2(1+1)) _ V- „(2) (21) ..(2(1+1)) _ V- (2) (20 

a 2k — 7, "2n u 2(k-n) ' U 2fc+1 — / j a n a 2k-n+\: 



U 2k 



"2n a 2(k-n) ' "2Ai+l ~ / , "n 
n=0 n=0 
2fc fc 

J^n^-n' = 5Z M2 "+ lM 2(I-n)' ( 38 ) 



n=0 n=0 



(2) 
2/,' 



^ U2nU2(k-n) + 2 ^(fc - n - 1 )w 2 (fc-n)-l<9s«2n+l , 



71=0 



n=0 



(2) 
2/c+l 



^ (1 - 2n)U2nd s U 2 (k-n)+l + 2(k - n)U 2 (k-n)+ld s U2n , (39) 



n=0 



r^e <9 S :- " 



9s ' 



BTopoe cbohctbo CBO^HTCfl k TOMy, HTO b KBa3iiKjiaccnHecKOM npe,a,e.jie 
(P^-[36|) noTOKH (|20|-|23|) N = (1|1) 2DTL Hepapxiiii HeTpiiBHajibHbi 
11 peryjiapHbi. TaK, aBHbie BbipaaceHiia fljia iix Jiiifliipyiomiix HJieHOB 
cjieflyiomHe: 



{m = 2l, k = 2r}, {m = 21 + 1, Jfc = 2r + 1} 



n— 1 



( 2ra + 1 )p „,("») 

fc+2(p-n) 



p=0 



+ (fc-m + 2(p-n))(5.t^ 



(2n+l)x (to) 



U 



k+2(p-n) 



Z \ L ) / j V 2y U k+2{p-n)~V 



p=0 



n-1 



D 2nU k m) = [ 2 (P ~ n)v ( 2 p n) d s u 



(2n) p ^(m) 

£i+2(p-n) 



p=0 



+ {k-m + 2{ P -n)){d s v% n) )u k % p _ n) 
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4- 2(-l) k v {2n) v {m) 

^ z l L ) u 2p+l U k+2(p-n)+l 

X 2n )ft „,( m ) 

i^yio—yjd 

p=0 



u 2n u k 



J2[ 2 ( U - P) U 2p n>d s U k + 2(n-p) 



+ (k-m + 2(n-p))(d s u^)u^\ {n _ p) 



n-l 

+ 2(-l) fc ^2 U 2p+l"'fe+2(n-p)-l' 
p=0 



n 



(m) 



sty fc+2(p-n) 



p=0 



(fc-m + 2(p-n))(a s CV<i_ n) 



+ Z \ L ) U 2p V k-l+2(p-n) 



(m) 



sV k+2(p-n) 



p=0 



(k-m + 2(p-n))(d s u^)v^ 2(p _ 



n) 



n-l 



+ Z l X J / , »2p+l t; fc+l+2fo-nV 



p=0 



n-l 



( 2n ) .£) „,( m ) 

fc+2(n-p) 



p=0 



--(fc-m + 2(n-p))(^g n) )^ (n _ p) 



{m = 2l, k=2r + l}, {m = 21 + 1, k = 2r} 

n—1 

D-uP = $>ir^ [(p - n)t,<»>0.-» 

p=0 



J s u k+p-n 



+ (k + p — n — m)(d s v l p n) ) 



k+p—n 
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2n 



Dt n ut ] = E(- 1 ) mp [(^-^)4 2n) ^4-U 

p=0 

+ (k-p + 2n-m)(d s u^)utl +2n 
(k + p-n- m){d s u^)v ( ^ n 



= j2(-i) mip+n) 

p=0 



2n-l 



p=0 



(k-p + 2n-m)(d s vf n) ) 



k—p+2n 



a TaKJKe 



r>+ ,,(2m) _ 2 



n 



p=0 



i, {2n+1) r) 7/ (2m) 
u 2p+l u s a 2(k-p+n) 



(2n+l)\ (2m) 



+ (fc - p + ra - m)(d s u { 2p n +1 

4- 7 ,( 2n+1 )„( 2m ) l 

^ U 2p "2(fe-p+n)+l ' 



2(fc-p+n) 



D + u (2m+l) - 2 V [»M (2n+1) 8 
U 2n+1 U 2k+1 ~ Z y )U 2{p+n)+l U < 



(2m+l) 
s U 2(fc-p)+l 



p=l 



+ (m + p - A:)(a s M^5+i) M 2(r- P ) ) +i 



(2n+l) (2m+l) 
, 



n+ ?/ (2m+l) 
-^2^+1 u 2fc 



+ 2^ «-2( ? )+„ + l)"2(/,-/ ) ) 
p=0 
2fe 

= E(-i)'[i»JK2a«SS ,) 

p=l 

+ (2(m - *:) + p + 



2n+l 



U 



(2m) 

2(k+n+l)-p 



p=0 



+ {2{k + n-m+l)-p){d s uf n+l ^) 



u 



(2m) 

2(k+n+l)-p 
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n-1 



1J 2n+l u 2k 



p=0 



n)v (2n+1) d v (2m) 

n ) U 2p+l U s v 2(k-p+n) 



-{k-p + n- m)(d s v^ 1 1) )v^ p+n) 

n 

+ 2^^ n+1) ^ (2m) 



2p 



p=0 
k 



(2m+l) 



^2n+l V 2k+l 



2(fc-p+n)+l> 



(2n+l) ^ (2m+l) 
2(p+n)+l t7s ' ; 2(fc-p)+l 



p=0 



(2n+l) (2m+l) 
U 2(p+n+l) y 2(fc-p) 



xy 2n+l y 2fc 



P u p+2n+l u s u 2k-p 



D~ v {2m) 

ly 2n+l u 2k+l 



p=0 

- (2(m - fc) +P + l)(^ 2 ^J^ p +1) 

2n 

= ^[-(2n-p+l)^)a s ^ n+1) _ p 



p=0 



— (2(/c + n — m + 1) — p) (d s v. 



(2n+l)\, (2m) 



2(fc+n+l)-p 



, (42) 



r^e b npaBbix nacTax Bee nana { , ui. m \ ^i" 1 ''} c k < ^ojijkhbi 6bitb 
nojiojKeHbi paBHbiMH Hyjiio. ilojiyneimbie TaKiiM cnocoSoM noTOKii (f40|- 
|42|) mm Ha3biBaeM 6e3^,HcnepcHOHHoii N = (1|1) 2DTL nepapxneii. 
ripe^CTaBjieHHe Jlaxca ,a,jia hhx 6y^eT nocTpoeHO b naparpacpe 3.3. 



3.2 6e3/i,HcnepcHOHHoe N=(l|l) 2DTL ypaBHemie h 
ero 6o30HHbie chmmctphh 

6e3flHcnepcnoHHbie npe^ejibi N = (1|1) 2DTL ypaBHeHna (|26|) h 



ero 6o30HHbix chmmctphh ( p0|) MoryT SbiTb nojiy^eHbi 6e3 Tpyzra, ecjin 
ncnojib30BaTb cooTHonieHHH (PTj-PBI). IIojiy^aeM, coTBeTCTBeHHo: 



DfDi \nv = 2d 8 v (43) 
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H 



Df n v = v d s u 



(2n)± 
2n i 



Q (2n)± 



(2ra)± 



+ 2(n 



(44) 



HcKJHonaa u^lf H3 CHCTeMbi ypaBHeHHii fl44]) , OKOHnaTejibHO nojiynaeM 
cjieflyiomyio peKyppeHTHyio ciiCTeiviy ypaBHeHHii ,zijih reHepairnn 6o30hhmx 
CHMMeTpHfl 6e3^HcnepcHOHHoro N = (1|1) 2DTL ypaBHeHira (|43|) 



D 2n V = V d s uf n)r 



''2d 



U 



(2n)± 
0,j 



-D^ (2n)± 



'2k 



2v {Df 



v o d » u ^-i) + 2{n-k + l)(9 s Vo)t4(*3) -( 45 ) 



OTMeTHM, HTO CHMMeTpHH 6o30HHOrO 6e3,n;iicnepciiOHHoro 2DTL ypaBHeHHH 
6bijih HaiifleHbi b pa6oTe J32] (cm. TaioKe pa6oTy J26|) nyreM penieHiia 
cooTBeTCTByiomero, ^ocTaTOHHO cjiojKHoro ypaBHeHna ciiMMeTpmi. 



3.3 npeflCTaBjieHHe Jlaxca 

B naparpacpe 3.1 Smjih nocTpoeHbi noTOKii (^0|-442]) 6e3,n;iicnepciiOHHOH 
A" = (1|1) 2DTL iiepapxnii. Haineii 3a^aHefi ceflnac 6y^eT HaxojKfleHiie 
cooTBeTCTByiomero hm npe,n;cTaBJieHiia JlaKca. IlocKOJibKy npeflCTaBJieime 



Jlaxca (|15|) iV = (1|1) 2DTL iiepapxHH Bbipa>KaeTca b TepMimax 
o6o6iu,eHHOH rpa,zryiipoBaHHOH cko6kh (|3|) , 113 npeflbmymero onbiTa ecTecTBeHHO 
OKH^aTb, hto fljia nojiyneHiia ero KBasiiKjiacciiHecKoro npe^ejia, cooTBeTCTByiomero 
6e3flHcnepciiOHHOH A" = (1|1) 2DTL iiepapxiiii, ^ocTaTOHHO 3aMeHHTb b 
HeM 3Ty CKo6Ky Ha onpeflejieHHyio cynepcKoSKy IlyaccoHa, a onepaTopbi - 
Ha hx chmbojibi, 3a^aHHbie Ha cooTBeTCTByiomeM (pa30BOM npocTpaHCTBe. 

Harnett 6jiHJKaHHieH sa^a^ei! 6y,a,eT MO^ejiiipoBaHiie (pa30Boro npocTpaHCTBa 
h cynepcKoSKH IlyaccoHa, hcxo^a h3 HeKOTopbix cbohctb, kotopbimh 
ohh flOJi>KHbi 6biTb HaflejieHbi. TaK, BcnoMimaa, hto onepaTopbi JlaKca 
A" = (1|1) 2DTL nepapxHH, 6y^yHH 3a,zraHbiMii Ha npocTpaHCTBe 
onepaTopoB, rpa,zryiipoBaHHOM ^ByMH pa3HbiMH Z 2 -rpa,zryiipoBKaMii (|8|) 
h (0), o6jia^,aiOT tojibko o^hoh ,zniaroHajibHoii ^-rpa^rynpoBKoii (|TT|), 
mojkho nojiaraTb, hto (pa30Boe npocTpaHCTBO yHacjie^yeT sth CBoiicTBa. 
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IIpiiHiiMaa bo BHHM&Hiie Z2-rpa,n;yHpoBKy d e a = 1, d e 2a = ( |1~0D 
onepaTopa penieTOHHoro c^BHra e ld , mbi npe^nojiaraeM, hto Ha (pa30BOM 
npocTpaHCTBe eMy cooTBeTCTByiOT ^Be KOop^nraaTbi, a HMeHHO, rpacciviaHOBa 
Koop^HHaTa tt (tt 2 = 0) h 6o30HHaa Koop^HHaTa p, co cjie^yioiu,HMH 

npaBHJiaMH C00TBGTCTBH3! 

e 9 - -L tt, e 29 - p. (46) 

HecMOTpa Ha rpacciviaHOBOCTb KOop^pmaTbi tt, OHa ^ojiJKHa o6jia,n;aTb 
"nemunuHHUM " fljia rpaccMaHOBbix Koop,zniHaT cbohctbom KOMMyTHpoBaTb 

He TOJIbKO C 6030HHbIMH, HO H (pepMHOHHblMH nOJIilMH HepapXHH, HTO 

cjie^yeT H3 HenpepbiBHoro npe^ejia coothohighhh @. 

OneBH^HO, HTO, KpOMe KOOp^HHaT TT H p, (pa30BOe npOCTpaHCTBO 

flOJiJKHO TaKJKe BKJHonaTb HenpepbiBHyio "penieTOHHyio" KOop^HHaTy s 
Bo3HHKaK)mee b pe3yjibTaTe (pa30Boe cynepnpocTpaHCTBO {tt, p, s} 
6e3flHcnepcHOHHofl N = (1|1) 2DTL nepapxHH coflep>KHT cpa30Boe 
npocTpaHCTBO {p, s} 6e3flHcnepcHOHHOH 2DTL nepapxHH KaK no^npocTpaHCTBO. 

Ilocjie Toro, KaK Koop^HHaTbi (pa30Boro npocTpaHCTBa ycTaHOBjieHbi, 
mm flOJi>KHbi nocTpoHTb fljifl hhx cynepcKoSKH IlyaccoHa. BcnoMHHaa, 
hto cynepcKoSKH IlyaccoHa ^oidkhm Haxo^HTbca b cootbgtctbhh c 
cynepajire6poii Z 2 -rpaflyHpoBaHHbix onepaTopoB {\fhe a , e 2d , hj}, kotopbim 
OTBenaiOT KOopflHHaTbi (pa30Boro cynepnpocTpaHCTBa {tt, p, s}, 3th 
cynepcKo6KH MoryT 6biTb cpaBHHTejiBHO JierKO CKOHCTpyiipoBaHbi . IlpHBe^eM 
3flecb cynepcKoSKH IlyaccoHa Me>Kfly ^Byivia npon3BOJiBHbiMn (pyHKipiaiviH 
Fi ( 2 = ¥i^(tc,p, s) Ha (pa30BOM npocTpaHCTBe, nojiyneHHbie cnoco6oM, 
H3JIOJKeHHbIM Bbinie: 



F 1; F 2 } = 2p ( 



d¥ l d¥ 2 <9Fi d¥ 2 dF x 9F 5 



dp ds ds dp dir dir 



( d¥ 1 d¥ 2 d¥ 1 d¥ 2 . 

3^ecb yMecTHO OTMeTHTb, hto nocjie nepexo^a k HOBOMy 6a3Hcy 
{s, p, tt} (pa30Boro npocTpaHCTBa, 3a,n;aBaeMOMy (popiviyjiaiviH 

„ S „ . TT 

s := -, p := mp, tt :- 



2' *" y^' 
s: =2s, p:=e ? , tt := v^7re5, (48) 
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cynepcKo6KH IlyaccoHa P7| ) npiiHHMaiOT bur 

f l _ d¥x d¥ 2 d¥ 1 d¥ 2 d¥ t d¥ 2 
X ' 2 J dp ds ds dp dn 8tt ' 

hto cooTBeTCTByeT KaHOHH^ecKOH opTOCHMnjieKTHnecKOH CTpyKType (pa30Boro 
cynepnpocTpaHCTBa. 

Tenepb mm nepefifleM k cjie^yioiii;eMy STany nojiyneHiia npeflCTaBJieHiia 
JIaKca 6e3flHcnepcHOHHOH N = (1|1) 2DTL nepapxiiii h npHBe^eM 
aBpncTH^ecKHe (popMyjibi onpe^ejieHHH h nocTpoeHiia chmbojiob h 
(£ ± )^ m onepaTopoB Jlaxca (]I4D h komiioshthmx onepaTopoB (I/ 1 * 1 )" 

(GH3) 

oo CO 

£+ = ^{u 2k +i + u 2k n)p-\ C~ = ^(v 2k -i + v 2 k^)p k ~ 1 (50) 



fc=0 fc=0 



II 



(L±)^ - (£ ± )^, (L ± )r t+1 - -L (£±52™+!, 

oo 

\2m ._ V"~V (2m) (2m) \ ra-k 



fc=0 

oo 

k=0 

oo 

k=0 

oo 

;= J2(vSS 1] + vg m+ %)p k —\ (51) 



fc=0 



cooTBeTCTBeHHO. IIo onpe^ejieHiiio, Bee nojia {wjj. , } c < ,h,oji>khm 
6biTb nojio>KeHbi paBHbiMH Hyjiio. IIpn nojiyneHHH sthx BbipaxceHHH mm 
Hcnojib30Bajin no^CTaHOBKH (|36|) h (|46l). 3aivieTHM, hto 3th chmbojim b 
o6ni;eM cjiynae HeKOMMyTaTHBHbi 

(£ Q ):(£ /3 )r = (-l) fem ((/: /3 ):T (fc) ((^)*)* (m) , a, /3 = +,- (52) 



20 



HTO CB33aH0 C "HemunUHHUM 1 ' CBOHCTBOM rpaCCMaHOBOH KOOp^HHaTM 7T, 



OTMeneHHbiM Bbiine (cm. naparpacp nocjie (|46|)). 

H, HaKOHeii, 3aMeHaa onepaTopbi JIaKca Ha hx chmbojim (|50| |5l]) , a 
o6o6ni;eHHyio rpa,zryHpoBaHHyio cko6ky (|3|) Ha cynepcKo6Ky IlyaccoHa (^7|) 
b npe^CTaBjieHHax Jlaxca (|T5|) h (|19|) ^jia AT = (1|1) 2DTL Hepapxnn h b 
onpe^ejiaioiHHx ero coothoihghh5ix (|l~6|) no npaBHjiy 



(53) 



ocymecTBjiaa 3aTeM no^CTaHOBKy (|34l ) h nepexo^a k npe^ejiy (32), mm 
nojiynaeM BbipajKeHHa 

^£ a = T a(-ir{(((/: ± ):)_ Q r,/: a }, neN, « = +,-, (54) 

D±(/: a )r = T«(-ir m {(((/: ± ):)_ Q )* (m) ,(/: a r}, n,mGN, (55) 



fljia 6e3,i],HcnepcHOHHOH iV = (1|1) 2DTL nepapxHH. IIpaMbie BbinncjieHHa 
noflTBep>KflaiOT, hto nojiyneHHbie coothohighhs (|55| |56[) npaBHjibHO BOcnpoH3BO,i],aT 
6e3flHcnepcnoHHbie noTOKH (38-|42]), T.e. aBJiaiOTca uckomum npedcmaejienueM 
AaKca djiH 6e3ducnepcuoHHOu N = (1|1) 2DTL uepapxuu. 



3aKjiioHeHHe 



B ^aHHoii paSoTe mm npefljio>KHJiH CKo6oHHyio onepainiio (|3|) co 
CBolicTBaMH (|]-^|) Ha npocTpaHCTBe rpa^yHpoBaHHbix onepaTopoB c 
HHBOJHon,Heii, o6o6maioiiiyio rpaflynpoBaHHMH KOMMyTaTop cynepajire6p. 
3aTeM mm nojiynnjiH HOByio (popMy npe^CTaBjieHHa Jlaxca (|l~5Hl6l) h (|19|) 
fljifl flByMepHOH A" = (1|1) cynepcHMMeTpH^HOH penieTonHOH nepapxHH 
To^bi b TepMHHax o6o6ni;eHHOH rpa^ynpoBaHHOH ckoSkh. Dajiee mm 
Hcnojib30BajiH 3to npeflCTaBJieHne npn nocTpoeHHH KBa3HKJiaccHHecKoro 
npe^ejia (|3~3H36l) 3toh nepapxHH — 6e3,i],HcnepcHOHHOH A" = (1|1) 
nepapxHH Toflbi (|40|-442j) , h ero npeflCTaBjieHHa Jlaxca (|50|-pl]), (|5^ 
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Ha rpa^ynpoBaimoM (pa30BOM cynepnpocTpaHCTBe co ckoSkoh IlyaccoHa 
(0). H, HaKOHen;, nonyTHO mm ycTaHOBHJiii 6o30HHbie CHMMeTpnn (j45|) 
6e3flHcnepcnoHHoro N = (1|1) cynepcuMMeTpiiHHoro ypaBHeHna To^bi 



Odun U3 nac (6.K.) enepeue no3Ha,KOMUJiCH c (1.(1. AosynoeuM, ev^e 
6ydyHU cmydenmoM II Kypca (f)u3uuecKoso cfiaKyAbmema MStJ (1956), 
u na npornHMcenuu npomedmux decnmujiemuu ov^yv^aji c ezo cmoponu 
ozpoMHyw noddepatcKy ko,k e dejiax, c6H3<ihhux c nayKou, marc u e mcu3hu. 
6ydbme 3dopoeu, doposou dnamojiuu (LAeKceeeun! 
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